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The torsion of ideal elastic-plastic rods was considered in [1-5]. The solution of elastic-plastic prob- 
lems by the method of perturbations was examined in researches whose discussion can be found in [6]. Methods 
developed in [6] are applicable to the solution of problems for doubly connected domains only when one of the 
contours is completely enclosed by the plastic zone. A modification of the perturbation method is proposed be- 
low, which will permit consideration of the development of plastic zones with only a part of the contour en- 
closed by a plastic zone, hence the idea of expanding the solution in the loading parameter is used [7]. 

I. The stresses in the torsion of elastic-plastic pipes in an elastic domain are expressed in terms of the 
stress function by means of the formulas 

T r = r T o = --oulOr. (1.1) 

The s t r e s s  function u sat isf ies the equation 

hu ----- --2G~, (1.2) 

where G is the shear  modulus, and co is the angle of twist.  The flow condition 

(Ou/Or) ~ + (I/r2)(Ou/OO) ~ = K ~ (1.3) 

iS sat isf ied in the plast ic domain, and we have on the boundary of the contours 

du/ds = O. (1.4) 

Here u and du /dn  should be continuous on the e l a s t i c - p l a s t i c  boundary. Fo r  a simply connected domain, con-  
ditions (1.3) and (1.4) uniquely define the s t r e ss  state by means of a given tors ion.  For  a multiconnected do- 
main we obtain by integrating (1.4) 

= ~p ,  (1.5) 

where Cp is constant on each contour, but can only be set equal to zero on one of its contours. To determine 
the value of Cp from (1.5) the analog of the Bredt theorem in elastic-plastic bodies, which is formulated in [8], 
must be used. 

2. Let us consider the torsion of an eccentric pipe. The contour of the pipe cross section (Fig. i) are 
given by the equations 

62 
Ll : r=6Cos0+Vr~- -52s in  2 0 ~ r  I-~5cos0-271sin 20,L2:r=r2.  (2.1) 

The solution of the elast ic problem is obtained in [9, 10]. The s t r e s s  function can be obtained in the elast ic 
domain by using the perturbat ion method. Limiting ourselves to powers no higher than 5 2, we have 

whe re 

%=Go) ( ~ - ~ - 6 K ~  (r~--2r - - r )  cosO-~-52K2 ( ~  -- r2) cos20), 

r~ r~r~ 
K1-  r~--r~; K2 = (r22--r~l/klra--2 r4)" 

Themaximal  s t r e s s  holds at the point A; we obtain f rom (2.2) 

Tma x = Go~(r~ ~- 25K 1 ~ 45eK2r2). 

(2.2) 

(2.3) 

Kuibyshev. Translated from Zhurnal Prildadnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 3, pp. 150-156, 
!VIay-June, 1982. Original article submitted April 14, 1981. 
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The s t r e s s e s  at the point  A r e a c h e d  the f low l i m i t  f o r  

co ~- coo = KG-~(r~ + 2~K1 "+" 452K.2r2) -1. (2.4) 

F o r  r > w 0 a p l a s t i c  d o m a i n  f o r m s  a round  the  point  A in which  

~r = 0, ~0 = K, u = K(r~-  r). (2.5) 

i s  s a t i s f i e d  jo in t ly  wi th  (1.3). The so lu t ion  (2.5) wi l l  ho ld  fo r  r 2 - p ( O ,  w) _< r _ r 2, w h e r e  p (0 ,  ~0) is  the t h i c k -  

n e s s  of the p l a s t i c  zone  along the  n o r m a l  to  the con tou r  L 2. Le t  us i n t roduce  the s m a l l  p a r a m e t e r  

82 = (co - -  COO) COO1 ( 2 . ~ )  

and we s e e k  the  so lu t ion  in the  e l a s t i c  doma in  in the  f o r m  of an expans ion  in e: 

~=o (2.7) 

On the  e l a s t i c - p l a s t i c  boundary  

u(rz - -  p, O) = Kp, aular = - - K .  

Taking accoun t  of (2,6), Eq .  (1.2) wi l l  be  s a t i s f i e d  if  

Au o = --2G(o o, Au i = 0, hu 2 = ~2Go)o, Au~ = 0 (k = 3, 4...). 

Using (2.7), the boundary conditions (2.8) can be wri t ten in the form 

~ cgu n(r~-p,O) an_=__K. 
u n(r s -p ,0 )  ~n=Kp, Or 

~ 0  n ~ O  

Expand ing  the  l e f t  s ide  of (2,10) in a s e r i e s  in p o w e r s  of 

~ (__ i),n c3mu n (r2, 0 5 gnp,a = K9 ' 
ml Or ra ~0 7trio 

~ (--t)mom"}-lan(r2'O)snpm=--K. 
ml orm+l 

~ 0  m ~ O  

We s e e k  the funct ion p in a s e r i e s  e x p a n s i o n  in e :  

h = l  

Subst i tu t ing  (2.12) into (2.11), we obtain  

(_  t)m Oraun (r~, 05 pa8 a a n = K Z pask; 

n=O m~O h ~ l  

( _  1)~ a'~+It% (r 2, O) p~s h s ~ = - -  K.  

n=o ,n:o ml 0r m + l  

(2.s) 

(2.9) 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

(2.145 

We sha l l  a s s u m e  that the angle 0 .  at which  the p l a s t i c  zone e n c l o s e s  the o u t e r  con tou r  L 2 is r e l a t e d  to  
the s m a l l  p a r a m e t e r  e by the  r e l a t i o n s h i p  

0. N e, sin0. N e, cos 0. -~ t. (2.15) 

The s u m  (K + 0 u 0 / 3 r )  e n t e r s  e x p r e s s i o n s  (2.13) and (2.14), and, t a k i n g a c c o u n t  of (2.2), (2.4), and (2.155, 
has  the  f o r m  

w h e r e  

(2.16) 

T1 = 46K1; T 2 = 88~K2r2. 
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t a i n  

Fig, 1 

Equat ing  t e r m s  in iden t i ca l  p o w e r s  of e in. (2.13) and  (2.14) by t ak ing  account  of (2.15) and (2.16), we ob-  

%-- O, u 1 = O, u s = -- Osu~ ~ .~P~ 4-_ ~ 8y'I Pl' 

3 $ 2 2 
% = C ~ o p l  ( ~ r l  ' - ~0~ ~176 o % % •  _ ~  =101 •  

2 3 3 2 2 
O'%(pl+2PzPs ) as%p~p~_a%o~_ ouzp . _ O ' u , .  P ~- 0 " u , ~ . ~ u ~ , p  ~- O'-]-~ %p; 0=~ . (2.17) 
Or s 2 ~" Or 3 2 Or a 4! -- Or Or s r l  s - -  Or s 3! -- Or ~ ~ - ~x Or s 2 --'~-r Pz' 

F'4-L ( n e 
"4 + Ora " 2 - -  0 7  P t  

- / 08% _ 0'% p~ _ 0 % ,  0 %  1 p~ o% s a % ~  +~176 ~ ) \ o ,  s/ t,-~r ~p~% ~r'~ 7 ~s+ 2 - ; ~  -%+~) 

_oo0( , o, 0,%.,+ 
\ O r " ]  Or a 2 Or 4 2 0r a 41 

_ ~:=~ , 0 %  o4=~ o~ _ o~'=. (% , p~) + 2 - o~ Pl + Or / \ ar ~ / ~r--T P3 ~ ~ PzPs -- or---~ 3-q Or ~ T Or s - -  
(2.18) 

The bounda ry  condi t ions  fo r  u n a re  ob ta ined  on the ou te r  con tour  in  the p l a s t i c  zone f r o m  (2,17), and (2.18) p e r -  
m i t s  d e t e r m i n a t i o n  of the p l a s t i c  zone t h i c k n e s s  p .  Upon the deve lopmen t  of a p l a s t i c  zone on the ou te r  con = 
t o u r  L 2, the e x p r e s s i o n  of the Bred t  t h e o r e m  fo r  the i n n e r  con tour  L i with o r i f i ce  a r e a  F 1 has  the f o r m  

.f ( -  ~' ~o +-~ ~ ~r~ = 2~n.  \ 6r r a@ ] 
L 1 

Tak ing  account  of (2.6) and equat ing  t e r m s  in  (2.19) fo r  iden t i ca l  powers  of s ,  we obta in  

p(u~) = 2Gc00Fx, p(uz )  = O, P(u2) : 2Go) o Iq ,  P ( u  n) = O, n = 3, 4 . . . .  

whe re  

(2.19) 

(2.20) 

L1 

We s e e k  the  so lu t ion  u n in the f o r m  of the s e r i e s  

U n ~ ~ Unl 5I, n = 1, 2 . . .  
l=o  

! 
Let us  expand u n a round  the con tour  L 1 which is c o n c e n t r i c  to  L2: 

( 1 TM ~ 6cosO-- 52sin2@ 6 l 
u n = " ~  " ~  O ~ u ~  2r  1 

~r m ml , n = t ,  2 . . .  
l=O rn~o  

(2.21) 

(2.22) 
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Equa t ing  t e r m s  in i d e n t i c a l  p o w e r s  of 6 in (2.20), and  t ak ing  accoun t  of (2.21) and (2.22), we obta in  

2~ 

OUno rld0=0' 
0 

2g 2 
~ ( (  OunOT OISnO ~ OUnl O/~nO Sill O /  dO = O, n = i , 3 , ~ , . .  
i tt-TZ-;" co i ,  s 

(2.23) 

E q u a t i o n s  (2.23), e x c e p t  the f i r s t ,  a r e  u s e d  f o r  u 2, s i n c e  a c c o r d i n g  to (2.20) i t  w i l l  have  the  f o r m  

--- ~ r  u rzd8 ~ 2G%F1. 

0 
(2.24) 

On the  i n n e r  con tou r  L I the  func t ion  u h a s  t he  c o n s t a n t  va lue  

U = C .  

We r e p r e s e n t  t he  c o n s t a n t  c in  the  f o r m  

(2.25) 

C ~ ~ C~8 n �9 
I~=0 

(2.26) 

Tak ing  accoun t  of (2.26), we equa te  t e r m s  in i d e n t i c a l  p o w e r s  of ~ in (2.25) and ob ta in  

un':- n = 0 ,  t, 2. 

We represent Cn in the form 

(2.27) 

cn = ~, %~81. (2.28) 
| = 0  

! 
We expand  the  va lue  of u n on L 1 a r o u n d  L 1 which  i s  c o n c e n t r i c  wi th  L 2, and equa t ing  t e r m s  of i d e n t i c a l  p o w e r s  
of 5,  by t a k i n g  accoun t  of (2.22) and (2.28), we ob ta in  the  r e l a t i o n s h i p s  

OUno 
u~o = % '  =nl = % 1 - - - ~ -  r cos0, n = t ,  2 . . .  ( 2 . 2 9 )  

The  b o u n d a r y  cond i t ions  f o r  u on the  o u t e r  con tou r  in  the  e l a s t i c  d o m a i n  a r e  

u = 0. (2.30) 

The b o u n d a r y  cond i t i ons  f o r  u n a r e  d e t e r m i n e d  f r o m  (2.30) 

u= = o, %! = 0, l, n = 0, 1, 2 . . .  (2.31) 

Tak ing  accoun t  of (2.21), Eq.  (2.9) f o r  Un d i s s o c i a t e s  in to  a s y s t e m  of equa t i ons  f o r  Un/: 

h u n ! ~ 0 ,  n---- i, 3, 4 . . . ,  l = 0 ,  i, 2 . . . ,  

Au~ = --2G%, Au21= 0, l = t, 2, 3 . . .  
(2.32) 

The d i f f e r e n t i a l  equa t i ons  and  b o u n d a r y  cond i t ions  ob ta ined  p e r m i t  s e p a r a t i o n  of t he  p r o b l e m  of d e t e r m i n i n g  
the  func t ion  u into a n u m b e r  of s e q u e n t i a l  p r o b l e m s  on f inding the func t ions  u n, U n / b y  s o l v i n g  (2.9), (2.32) wi th  
the  b o u n d a r y  cond i t i ons  (2.17), (2.31), (2.20), (2.27) f o r  Un and (2.23), (2.24), (2.29) fo r  Un/. 

3. L e t  us  s u c c e s s i v e l y  c o n s i d e r  the so lu t ion  of the  p r o b l e m  of f ind ing  u n,  un/.  The func t ion  u I h a s  t he  
fo l lowing  b o u n d a r y - v a l u e  p r o b l e m  f o r  the  d e t e r m i n a t i o n  

A U l =  0, u 1 ~ 0 o n  Le, 

o .  L 1 ~I = 611 , )  0/" • OU 
L l 

(3.1) 

Taking accoun t  of (2.18), we ob ta in  f r o m  (3.1) 

u1=O, pz=O. (3.2) 
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The d e t e r m i n a t i o n  of ul ,  p l  p e r m i t s  f ind ing  the  b o u n d a r y  cond i t ions  f o r  u 2 on the c on tou r  L z fo r  - 0 .  <__ 0 _ 0 . .  
It  fo l lows  f r o m  (2.17) t ha t  u 2 = 0 on the  con to u r  L 2 f o r  - 0 .  _ 0 <_ 0 , .  Then the func t ion  u~ has  the  fo l lowing  
b o u n d a r y - v a l u e  p r o b l e m  f o r  i t s  d e t e r m i n a t i o n :  

Au s ----- --2%G, u~ = 0 on L2, 
~' ~% (3.3) 

ttZ = c 2 ,  I - -  - -  r d O  2 c t au 2 d r  - -  2c00GF 1 o n  L 1. 3 Or TT~ - 

L 1  

The b o u n d a r y - v a l u e  p r o b l e m  (3.3) f o r  u 2 a g r e e s  wi th  the p r o b l e m  of e l a s t i c  t o r s i o n  of an e c c e n t r i c  r i ng  whose  
solutix)n i s  (2.2). T h e r e f o r e ,  

u 2 = u0. (3.4) 

Taldng  account  of (3.2) and  (3.4), we d e t e r m i n e  P2 f r o m  (2.18) 

f r o m  which  we have  a f t e r  s u b s t i t u t i n g  3 u 0 / O r ,  Ozu0/Or  3 and t ak ing  accoun t  of (2.15) 

f Lx 

G% + T2) 

w h e r e  

L1 = G%(rs -t- 2~)K~ -{- 48~K2rs); 

L2=G~ " `  r2 

The angle  0 .  a t  which  the c o n t o u r  L 2 i s  e n c l o s e d  by a p l a s t i c  zone  i s  d e t e r m i n e d  f r o m  the condi t ion  p 2 = 0 f o r  
0 = 0 . .  A c c o r d i n g  to  (3.2), the  b o u n d a r y - v a l u e  p r o b l e m  of d e t e r m i n i n g  u 3 a g r e e s  wi th  the  cond i t ions  f o r  f i n d -  
ing ul,  f r o m  w h i c h  we ob ta in  

us= 0, Ps = 0 .  (3.7) 

Let  us  t u r n  to  a d e t e r m i n a t i o n  of the  func t ions  u i ( r ,  8) and  P4" Taking  accoun t  of (3.2), (3.4), (3.5), and  (3.7), 
we ob ta in  a va lue  of the  func t ion  u 4 on the  c o n t o u r  L 2 in the  p l a s t i c  d o m a i n  f r o m  (2.17) 

=G% ~ + T  20~ o2% p~' 0% 
lt4 (4  )S2 tgr2 2 - i - ' ~ r  p2' 

f r o m  which  we  have  a f t e r  m a n i p u l a t i o n  

where L3= 

'T l 

2e4Lz 

% = - % (0.~ - 0~) ~, ( 3 . s )  

- - .  The func t ion  u 4 is  d e t e r m i n e d  on the  c o n t o u r  I-2 in  the  p l a s t i c  d o m a i n  f o r  t he  angle  

of e n c l o s u r e  (3.6) and i s  found f r o m  the s o l u t i o n  of the fo l lowing  b o u n d a r y - v a l u e  p r o b l e m  

- - L  3(0~.-0~)2On L 2, --0,~.~0~<e., 
Au 4 = 0, u 4 = 0 on L s, 0. < 0 < 2n -- 0, ,  (3.9) 

cr on L I, 

L 1 

In c o n f o r m i t y  wi th  (2 .21)-(2 .23) ,  (2.28), (2.29), (2.31), t he  p r o b l e m  of f inding  u 4 in the  d o m a i n  bounded  by the  
r 

c o n t o u r s  L l and L a (an e c c e n t r i c  r ing)  can  be  r e d u c e d  to  the  s u c c e s s i v e  so lu t i on  of b o u n d a r y - v a l u e  p r o b l e m s  
in the  d o m a i n  bounded  by  the  c o n t o u r s  L~ and L 2 ( c o n c e n t r i c  r ing) ,  by  the  r e p r e s e n t a t i o n  
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j 
o o,2 a* a6 qa r~/r~ 

Fig. 2 

u~ = ",0 + 8"41 + .  �9 �9 ( 3 . 1  0) 

Let us l imit ourselves  to determining u40, u41. For  a function given continuously on the whole contour L 2 we 
expand the functions u40 , u41 given on - 0 ,  ~ 0 _< 0 ,  in a Four i e r  se r i e s .  By using (3.8) we designate the bound- 
ary  conditions for  u40, u41 on L 2 for  - 0 ,  <- 0 _ 0 , ,  in such a way that the functions u40, u41 and their  derivatives 
with respec t  to r and 0 obtained as a resul t  of solving the boundary-value problem would have convergent se r i e s  
in the whole elast ic domain and on its boundaries 

~,o = - L ~  (o~. - -  0% . , ~  = ~ (3.11) 

We reduce fin~iing u40 to the solution of the following boundary-value problem by following (3.9)-(3.11) 

Au4o -~ 0, mac = E - ~  cos k0 on L2, 

[C40 on LI~, 

2~ 
0"40 j" ~ rldO = O, 

0 

(3.1~) 

where 

, ,0, (Voo.,0.+ 0 :  ,0.) 

We seek the solution of (3.12) in file fo rm 

. .o=,+,01~ (3.13) 

We obtain the value of the function u40 f rom (3.12) and (3.13) 

~,o = z + 2 n~rh 0 - (5-)~) r ko , (3.14) 

where 

Ek~ 

To determine ual it is necessa ry  to solve the boundary-value problem 

0 on L 2, 

= - -  0u4~ cos 0 on L l,t Atz41 ~ 0~ u41 c41 0r 

"z.. ~ Ou 4~ ~ . s i n 0 ~  d0 = 0 .  ~ / ~ a  u40 r Ou,1 Ou40 
j ~,\-~.~ ~+ Or / ~o~e+--~/r~+--~ "~ / 
0 

We seek the solution in the fo rm (3.13). F rom (3.13) and (3.15) we find 

h= l  

(3.15) 

(3.16) 
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where 

/~k-~ (k -- i) r~ h-2 +/t~+~ (k § i) r~ ~ 
w h - ~ - ~i ~ 

By obtaining the value of the function u 4 and its der iva t ive  8 u 4 / S r  f r o m  (3.10), (3.14), and (3.16), we determine 
P4 f r o m  (2.18) in the f o r m  

= -- - -  P~ § ~ ~ ~ / ~ + ~ - ~  \ar ~j (3.17) 

According to (2.12), by using (3.5) and (3.17) we obtain the th ickness  of the p las t ic  zone along the normal  to the 
contour  L 2 a f te r  the second approximat ion p = ~Zp ~ + s ip  4 and the location of the e l a s t i c - p l a s t i c  boundary 
the reby  (see Fig. 1). We obtain the s t r e s s  function in the e las t ic  domain f r o m  (2.7), (3.2), (3.4), (3.7), (3.14) 
and (3.16) 

= (i § s2)u0 + ~(u40 + 5u41), 

which, according to (i.i), permits determination of the stress state in the elastic domain. 

The solution constructed satisfies the exact equations of the theory of ideal plasticity in the plastic do- 
main, and the exact equations of the theory of elasticity in the elastic domain. For a limited number of approxi- 
mations, the perturbations method reduces consequently to approximate satisfaction of the boundary conditions 
and the colmection conditions on the elastic-plastic boundary. 

The conditions on the outer contour L~ are satisfied exactly, and approximately on the inner contour L i 
and the elastic-plastic boundary. 

Hence, the accuracy of the solution obtained can be assessed from the magnitudes of the relative residuals 

(T 0 -- K)/K, Tr/K on the elastic-plastic boundary as well as from the magnitude of the relative residual of 
the boundary conditions on the inner contour Tn/K, where T n is the stress normal to the inner contour L i. 

The domain of the parameters 6/r 2, ri/r 2 that govern the geometry of the pipe cross section is repre- 
sented in Fig. 2. For each point of the domain (6/r i, ri/r 2) the greatest parameters ~ are indicated when the 
residuals do not exceed 1%. 

The curve PS, which is the locus of points of intersection of the curves ~ = const, is presented in Fig. 2. 
The curves ~ = const when the plastic flow reaches the contour L I is located above PS. For large e the method 
of solution being applied cannot be used. Below los are the curves e = const when the plastic flow does not 
reach the inner contour L I. 

The parameter ~ varies along PS from ~ = 0 at the point P to e = 0.38 at the point S, where e is great- 
est for the whole domain extracted. Dashed curves 1-3 are presented in Fig. 2, along which the angle at which 
a plastic zone enclosed the outer contour L 2 is constant at 15, 50, 45% respectively. 
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